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THE MONIC LAGUERRE POLYNOMIALS PRESERVE REAL-ROOTEDNESS
PRAVEEN S. VENKATARAMANA
Abstract. Let Ln(x) and L
α
n(x) be the nth Laguerre and associated Laguerre polynomial re-
spectively. Fisk proved that the linear operator sending xn to Ln(x) preserves real-rootedness. In
this note we prove a stronger result; namely, that when α ≥ 0, the linear operator sending xn to
(−1)nn!Lαn(x) preserves real-rootedness.
Let α be a nonnegative real number. The classical Laguerre polynomials are defined as follows:
Lαn(x) :=
n∑
i=0
(−1)i
(
n+ α
n− i
)
xi
i!
Thus (−1)nn!Ln is monic for every n. Likewise, we define the scaled Hermite polynomials as follows:
Hξn(x) = e
−ξ d2/dx2xn
In this note we prove the following:
Theorem 1. If N > 0 and P (x) =
∑N
i=0 aix
i has all real roots, so does the polynomial
∑N
i=0(−1)ii!aiLi(x).
We first notice that:
(−1)nn!Lαn(x) = exp
(
−x d
2
dx2
− (α+ 1) d
dx
)
xn
To prove this, we define Λx := x
d2
dx2
+ (α + 1) ddx and note that Λxx
k = k(k + α)xk−1 for any
integer k. Thus:
exp
(
x
d2
dx2
+ (α+ 1)
d
dx
)
xn =
∞∑
j=0
(−1)jΛ
j
x
j!
xn
=
n∑
j=0
(−1)j
j!
(
j−1∏
i=0
(n− i)(n + α− i)
)
xn−j
=
n∑
j=0
(−1)jn!(n+ α)!
j!(n − j)!(n + α− j)!x
n−j
= n!
n∑
i=0
(−1)j
(
n+ α
j
)
xn−j
(n− j)! = (−1)
nn!Lαn(x)
The proof of Theorem 1 rests on a few important facts. First, the following properties are easily
verified, when ξ > 0, α ≥ 0, and k, ℓ,m, n ∈ Z≥0:∫ ∞
−∞
H
ξ
k(x)H
ξ
ℓ (x)e
−x2/4ξdx = 2k!
√
πξδk,ℓ
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∫ ∞
0
xαe−xL(α)n (x)L
(α)
m (x)dx =
Γ(n+ α+ 1)
n!
δn,m
It follows from the theory of orthogonal polynomials that both Hξk and L
α
k have k distinct real
roots, when k > 0. We also need the following limit theorems, which are new as far as we can tell:
Lemma 1. Suppose ξ 6= 0, k ∈ Z>0, and p is a polynomial so that p(0) 6= 0. Let rk(ξ) be the
magnitude of the largest root of H
ξ
k. Then there is a positive real h0 = h0(ξ, k, p, α) such that when
0 < h < h0, e
−hΛx((x− ξ)kp(x− ξ)) has at least k distinct roots in the interval (ξ − 2rk(ξ)
√
h, ξ +
2rk(ξ)
√
h).
Proof. Let h = η2 with η nonnegative. Let Ph(x) = e
−hΛx((x− ξ)kp(x− ξ)). Then we have:
Ph(x+ ξ) = exp−h
(
(x+ ξ)
d2
dx2
+ (α+ 1)
d
dx
)
(xkp(x))
= exp
(
−hξ d
2
dx2
− hx d
2
dx2
− h(α + 1) d
dx
)
(xkp(x))
Thus:
Ph(ǫη + ξ)
ηk
= exp
(
−ξ d
2
dǫ2
− ηǫ d
2
dǫ2
− η(α+ 1) d
dǫ
)
(ǫkp(ǫη))
= exp
(
−ξ d
2
dǫ2
− ηΛǫ
)
(ǫkp(ǫη))
This latter function is a polynomial in η of degree k whose coefficients are polynomials in ǫ, ξ
and α independent of η. Hence, if |ǫ| < 2rk(ξ), there is a positive η0 such that for |η| < η0,∣∣∣∣Ph(ǫη + ξ)ηk − p(0)Hξk(ǫ)
∣∣∣∣ ≤ Cη
for some constant C. Also note that the scaled Hermite polynomial Hξk has k distinct real roots
in the interval (−2rk(ξ), 2rk(ξ)), and thus there are k + 1 numbers a1 < a2 < · · · < ak+1 in that
interval so that the signs of Hξk(aj) alternate, for j = 1, 2, . . . , k + 1. Thus for small η, the signs of
Ph(ajη + ξ) alternate as well, so by the intermediate value theorem, Ph(x) has at least k roots in
the interval (ξ − 2rk(ξ)
√
h, ξ + 2rk(ξ)
√
h). This proves the lemma.

Lemma 2. Suppose k ∈ Z>0, and p is a polynomial so that p(0) 6= 0. Let sk(α) be the magnitude
of the largest root of Lαk . Then there is a positive real h0 = h0(k, p, α) such that when 0 < h < h0,
e−hΛx(xkp(x)) has at least k distinct roots in the interval (−2sk(α)h, 2sk(α)h).
Proof. The proof is almost identical to that of Lemma 1. Let Ph(x) = e
−hΛx(xkp(x)). Then we
have:
Ph(ǫh)
hk
= exp
(
−ǫ d
2
dǫ2
− (α+ 1) d
dǫ
)
(ǫkp(ǫh))
= exp (−Λǫ) (ǫkp(ǫh))
This latter function is a polynomial in h of degree k whose coefficients are polynomials in ǫ and
α independent of h. Hence, if |ǫ| < 2sk(α), there is a positive h∗ such that for |h| < h∗,
2
∣∣∣∣Ph(ǫh)hk − p(0)Lαk (ǫ)
∣∣∣∣ ≤ Ch
for some constant C. Also note that Lαk (ǫ)i has k distinct real roots in the interval (−2sk(α), 2sk(α)),
and thus there are k + 1 numbers a1 < a2 < · · · < ak+1 in that interval so that the signs of Lαk (aj)
alternate, for j = 1, 2, . . . , k+ 1. Thus for small h, the signs of Ph(ajη) alternate as well, so by the
intermediate value theorem, Ph(x) has at least k roots in the interval (−2sk(α)h, 2sk(α)h). This
proves the lemma.

Now we are ready to prove Theorem 1. Fix a non-constant real-rooted polynomial P (x) =∑N
i=0 aix
i, and suppose that
P (x) =
n∏
i=1
(x− ξi)mi
where m0,m1, . . . ,mn ∈ Z>0, and ξ1 < ξ2 < · · · < ξn are real numbers.
Lemmas 1 and 2 imply that for any i, there exists hi so that for all h ∈ (0, hi), the polynomial
e−hΛxP (x) has mi roots in the interval Ii(h) = (ξi − 2rk(ξi)
√
h, ξi + 2rk(ξi)
√
h) if ξi 6= 0, and
Ii(h) = (−2sk(α)h, 2sk(α)h) if ξi = 0. Choose a positive real number h′ so that:
(1) 0 < h′ < hi for all i, and
(2) the intervals Ii(h
′) are disjoint.
Then for every h ∈ (0, h′), e−hΛxP (x) has at least m := m1 +m2 + · · · +mn distinct roots. Since
the degree of e−hΛxP (x) is that of P (x), namely m, it follows that e−hΛxP (x) has m real roots
with multiplicity 1.
We now define the set:
H(P ) = {h′ ∈ (0,∞) | e−hΛxP (x) has m simple real roots for all h ∈ (0, h′)}
Then the above argument shows that H(P ) is nonempty and open in (0,∞). In addition, it is
clear from the definition that H(P ) is either (0,∞) or an interval of the form (0, y) for some positive
real y. If the latter were true, then e−hΛxP (x) would have m simple real roots for all h ∈ (0, h′), for
all h′ < y. However, since ∪h′<y(0, h′) = (0, y), it follows that y ∈ H(P ), a contradiction. Hence
H(P ) = (0,∞). However, we know that P (x) =∑Ni=0 aixi, so that
e−ΛxP (x) =
N∑
i=0
(−1)ii!aiLi(x)
Since 1 ∈ H(P ), it follows that the latter polynomial has N distinct real roots, and Theorem 1
is proven.
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